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1. INTRODUCTION
Let GQ be the absolute Galois group Gal(Q Q) of the rational number
field Q, p a prime number, and F p an algebraic closure of the finite field Fp
of p elements. As part of the problem of classifying Galois representations
\: GQ  GLd (F p), we ask in this paper how many such \ exist which are
unramified outside p, especially when d and p are small.
In the case d=1 (i.e. \: GQ  GL1(F p)=F _p ), the solution is well-known
by class field theory. In the case d=2, such problems have been considered
in relation to Serre’s conjecture on modular representations [6] and the
conjecture is proved when p=2 [12], p=3 [10, p. 710], p=5 ([1],
assuming the generalized Riemann hypothesis). If we admit Serre’s conjec-
ture, the set of isomorphism classes of such \’s which are semisimple and
odd is finite.
In this paper, we give some finiteness results along this line for a few
values of d and p. For example, we show:
Theorem. There exist only finitely many isomorphism classes of continuous
semisimple Galois representations \: GQ  GL4(F 2) unramified outside 2
such that the field KQ corresponding to the kernel of \ is totally real.
(For other cases, see Theorem 3.3.)
This result extends a part of Tate’s results for d=2 and p=2 [12]. The
Theorem is proved, as in [12], by comparing two different estimates for
discriminants. Using class field theory, we estimate from above the discri-
minant of a field K as in the Theorem in terms of the invariant ‘‘p-length’’
of its Galois group (Sect. 2). On the other hand, we have the estimate of
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OdlyzkoPoitouSerre [4, 9] which gives an asymptotic lower bound of
discriminants. Then the finiteness follows from the contradiction of the two
inequalities when the degree of K goes to infinity (Sect. 3). In the last
section (Sect. 4), we generalize our problem to the case of representations,
with a conductor outside p, of the Galois group of an arbitrary finite
extension of Q, which is in fact reduced to the case of Q.
I express my sincere gratitude to Yuichiro Taguchi who proposed the
theme of this paper to me and gave useful advice. I thank also the referees
for careful reading and useful comments.
2. ESTIMATE FOR DISCRIMINANTS
First, we consider the local case.
Lemma 2.1. Let e be a positive integer. Let F be a finite extension of the
p-adic number field Qp with absolute ramification index e. Suppose EF is a
finite Galois extension whose Galois group G is an elementary abelian p-group
of order pm, m1. Then the different DEF of EF divides pc, where c=
(1+:e)(1&1pm), :=[e( p&1)]+1. (Here, [r] denotes the largest
integer less than or equal to r.)
In some cases, e.g. if e= p&1, the bound can be sharpened (cf. proof of
Theorem 3.1(3)), but we content ourselves with the above, which is enough
for our purpose.
Proof. If F $F is the maximal unramified subextension of EF, then the
different of EF is equal to the different of EF $, which we shall calculate.
Note that eF $Qp=e.
Let A be the ring of integers in F $ and ? a prime element of A. Let G
be the character group of G, which we identify by local class field theory
with a subgroup of Hom( 1+?A(1+?A) p , C
_). Then by the ‘‘Fu hrerdiskriminan-
tenproduktformel’’ [8, p. 104] the discriminant dEF $ of EF $ is
dEF $= ‘
/ # G
f(/).
Here, f(/) is the conductor of /, which is defined as follows: if we let Gi be
the i th ramification subgroup of G using upper numbering and f (/) be the
smallest integer i such that /(Gi )=1 (equivalently, /(1+?iA)=1 if we
identify / with a character of A_), then
f(/)=(?) f (/).
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To give an upper bound of f (/) of a non-trivial character / #
Hom( 1+?A(1+?A)p , C
_), we shall find an integer : such that (1+?:pA)/
(1+?A) p. If :=[e( p&1)]+1, then we have
exp \1p log(1+?:pA)+/1+?A,
so (1+?:pA)/(1+?A) p. Note that the above expression on the left
makes sense since the radius of convergence of the p-adic exponential
function is p&1( p&1). Hence the discriminant of EF $ divides
(?:p) p m$&1= p(1+:e)( p m$&1) where pm$=[E : F $], 1m$m.
Accordingly, the different divides p(1+:e)(1&1pm$). K
To formulate the general case, we need the following definition.
Definition 2.2. Let G be a finite group and N a positive integer. We
say that G has p-length N if there exists a sequence of subgroups
S=S (1)#S (2)# } } } #S (N)#S (N+1)=[1]
such that
S is a p-Sylow subgroup of G,
S (i+1) is normal in S (i) and (2.1)
S (i)S (i+1) is an elementary p-group for all 1iN.
For an infinite group G which is the union of its finite subgroups, we say
that G has p-length N if every finite subgroup of G has p-length N.
Remark. If H is a subgroup of G and SH is a p-Sylow subgroup of H,
then there exists a p-Sylow subgroup S of G containing SH and we have
SH & S (i+1)dSH & S (i), SH & S (i)SH & S (i+1)/S (i)S (i+1)
for all 1iN.
Hence H also has p-length N.
Lemma 2.3. Let F be a finite unramified extension of Qp . Let EF be a
totally ramified extension with Galois group I. Suppose I has p-length N,
with a sequence of subgroups S (i) as in (2.1). Put pmi :=(S (i) : S (i+1)) and
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ei :=e0pm1 pm2 } } } pmi, where e0=(I : S (1)), and :i :=[ei&1 ( p&1)]+1. Then
the different DEF divides pc where
c=N+1+ :
N
i=1
:i&1
ei&1
&\ :
N
i=1
1
pmi
+ :
N&1
i=1
:i&1
ei
+
:N
eN+ .
Note that c<N+1+(N( p&1)) since :i=[ei&1 ( p&1)]+1 implies
(:i&1)ei&11( p&1).
Proof. Let F (i) be the fixed subfield of E by S (i) for each 1iN. Then
F (1)F is tamely ramified and F (i+1)F (i) is a totally ramified extension
whose Galois group is an elementary p-group of order pmi. In the tame
case, it is well-known that "(DF (1)F)=
e0&1
e0
"( p). (Here, " is a valuation of
Q p corresponding to the place " of E.) To each of the extensions
F (i+1)F (i), we apply Lemma 2.1. Then
"(DEF)="(DEF (N) DF (N)F (N&1) } } } DF (2)F (1) DF (1)F+
\\1+ :NeN&1+\1&
1
pmN++\1+
:N&1
eN&2 +\1&
1
pmN&1++ } } }
+\1+:1e0 +\1&
1
pm1++
e0&1
e0 + "( p)
=\N+1+ :
N
i=1
:i&1
ei&1
&\ :
N
i=1
1
pmi
+ :
N&1
i=1
: i&1
ei
+
:N
eN ++ "( p). K
Proposition 2.4. Let KQ be a finite Galois extension of degree n with
Galois group G. Suppose G has p-length N. Then the p-part of the discri-
minant dKQ of KQ divides pcn where
c<N+1+
N
p&1
.
Proof. Let I be the inertia group for a place " of K lying above p. Then
by the remark after Definition 2.2, I has p-length N. Let E be the com-
pletion of K at the place ", and FQp the maximal unramified subextension
of EQp . Then EF is a totally ramified extension with Galois group I. By
applying Lemma 2.3, we can calculate the different DEQp . Since the p-part
of the different of KQ has the same valuation as the different of EQp and
dKQ=NKQ(DKQ), the p-part of dKQ divides pcn with the same c as in
Lemma 2.3. K
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3. MAIN THEOREM
We begin by considering the p-length of GLd (F p). Since the p-Sylow sub-
group of any finite subgroup of GLd (F p) is conjugate to a subgroup of the
group of all upper triangular matrices with 1 on the diagonal, it is easy to
show that the p-length of GLd (F p) is less than d. More exactly, if d2r,
then the p-length of GLd (F p) is less than or equal to r. It is enough to show
this for d=2r (r=1, 2, ...). We proceed by induction on r. The case d=2
is trivial. Suppose the claim is true for d=2r&1. Then the case d=2r can
be seen as follows:
\S
(1)
r&1
0
M2 r&1
S (1)r&1 +# } } } #\
S (i )r&1
0
M2 r&1
S (i )r&1 +# } } } #\
1
0
M2 r&1
1 +#\
1
0
0
1+ ,
where S (i)r&1 (1ir) is the filtration given by the hypothesis of induction
for d=2r&1 and M2 r&1 is the set of matrices of size 2r&1.
Now, let Xp, d be the set of finite extensions KQ which are unramified
outside p and whose Galois groups can be embedded into GLd (F p). Also,
let X Rp, d be the subset of Xp, d consisting of totally real fields. The following
theorem concerns the finiteness of these sets. This has been known in some
cases for d=2 (cf. [1, 10, 12]), which we include here as Part (3).
Theorem 3.1. (1) The set X R2, 4 is finite. Under GRH ( generalized
Riemann hypothesis), the sets X2, 4 and X R2, 8 are finite.
(2) Under GRH, the set X R3, 4 is finite.
(3) The sets X2, 2 , X3, 2 , X R5, 2 are finite. Under GRH, the sets X5, 2 ,
XR7, 2 , X
R
11, 2 , X
R
13, 2 are finite.
Proof. Let KQ be a finite extension of degree n, and let r1 , 2r2 be the
number of real and complex embeddings. First let us recall the estimates
for the discriminant of a number field by OdlyzkoPoitou [4] and Serre
[9]: Without assuming GRH, we have
|dKQ |>(60.1)r1 (22.2)2r2(22.2)n if n is sufficiently large;
and under GRH, we have
|dKQ |>(215.3)r1 (44.7)2r2(44.7)n if n is sufficiently large. (a)
In particular, if K is totally real,
|dKQ |>(60.1)n if n is sufficiently large; (b)
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and under GRH,
|dKQ |>(215.3)n if n is sufficiently large. (c)
(1) Let K # X2, 4 . Since GL4(F 2) has p-length 2, by Proposition 2.4
we have
|dKQ |<25n=(32)n. (A)
If K is totally real, the inequalities (b) and (A) contradict when n goes to
infinity. It follows that the set X R2, 4 is finite since, by HermiteMinkowski,
there are only finitely many algebraic number fields of a given degree n
which are unramified outside p.
Under GRH, the inequalities (a) and (A) contradict when n goes to
infinity. It follows that X2, 4 is finite.
Similarly, if K # X2, 8 , then by Proposition 2.4 we have
|dKQ |<27n=(128)n. (B)
If K is totally real, then under GRH, the inequalities (c) and (B) contradict
when n goes to infinity. It follows that X R2, 8 is finite.
(2) Let K # X3, 4 . Then by Proposition 2.4 we have
|dKQ |<34n=(81)n. (C)
If K is totally real, then under GRH, the inequalities (c) and (C) contradict
when n goes to infinity. It follows that X R3, 4 is finite.
(3) For a field K # Xp, 2 , Tate [12] obtained the following sharper
estimate of discriminants:
|dKQ |pcn, c=2+
1
p
&
1
( p&1) pm&1
,
where pm is the wild ramification index of KQ at p. If we compare this
estimate with the above lower bounds, we obtain the results. K
Rermarks. (1) Since the projective linear group PGLd (F p) has the
same p-length as GLd (F p), similar statements as in Theorem 3.1 with
GLd (F p) replaced by PGLd (F p) hold true.
(2) In some of the above cases where Xp, d (resp. X Rp, d) is proved to
be finite, it is easy to find an upper bound of the degree n of K # Xp, d (resp.
XRp, d) using the Odlyzko bound. For example, for K # X
R
2, 4 , we have [4]
1
n
log(dKQ)#+log(4?)+1&8.6n&23,
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where #=0.577... is the Euler constant. This contradicts (A) if n100. It
seems difficult, however, to have a complete list of K # X R2, 4 .
(3) As an application to the inverse Galois problem, Theorem 3.1
has the following implication: The usual inverse Galois problem asks if, for
any algebraic number field K and finite group G, there exists a finite Galois
extension LK with Galois group G. Theorem 3.1 shows, however, this is
not the case if a certain ramification condition is imposed on LK. For
example, there is no totally real Galois extension LQ unramified outside
2 such that Gal(LQ)&GL4(F2 m), SL4(F2m) or PGL4(F2 m) for any m,
because these groups have order >100.
Next, let Xssp, d be the set of isomorphism classes of continuous semisimple
representations \: GQ  GLd (F p) unramified outside p, and Xss, Rp, d the sub-
set of Xssp, d consisting of those \’s of which the field corresponding to the
kernel is totally real. Let X ssp, d (resp. X
ss, R
p, d ) be the subset of Xp, d (resp.
XRp, d ) consisting of the fields corresponding to the kernel of \ for some
\ # Xssp, d (resp. X
ss, R
p, d ). Then we have the following relation between X
ss
p, d
and X ssp, d :
Lemma 3.2. The set Xssp, d is finite if and only if X
ss
p, d is finite. The same
is true for Xss, Rp, d and X
ss, R
p, d .
Proof. Let K # X ssp, d and G=Gal(KQ). It is enough to show that there
are, up to isomorphism, only finitely many semisimple representations
\~ : G  GLd (F p). But this follows because there are, up to isomorphism,
only finitely many irreducible F p-representations of a finite group [7, Part III].
K
Remark. There may be infinitely many (mutually unisomorphic) nonsemi-
simple representations of a finite group G. For example, let G=ZpZ_ZpZ
and consider the representations \a, b : G  GL2(F p) defined by (1, 0) [ ( 10
a
1)
and (0, 1) [ ( 10
b
1). Then \a, 1 &3 \a$, 1 if a{a$.
Our main result is:
Theorem 3.3. (1) The set Xss, R2, 4 is finite. Under GRH, the sets X
ss
2, 4 and
Xss, R2, 8 are finite.
(2) Under GRH, the set Xss, R3, 4 is finite.
(3) The sets Xss2, 2 , X
ss
3, 2 , X
ss, R
5, 2 are finite. Under GRH, the sets X
ss
5, 2 ,
Xss, R7, 2 , X
ss, R
11, 2 , X
ss, R
13, 2 are finite.
Proof. Noticing Lemma 3.2, this follows immediately from Theorem 3.1.
K
162 HYUNSUK MOON
4. GENERALIZATION OF THE PROBLEM
Throughout this section, we let K be a number field of degree n and
GK=Gal(K K). We consider continuous Galois representations \: GK 
GL(V)&GLd (F p), where V is a d-dimensional vector space over F p . Let
LK be a Galois extension such that \ factors through Gal(LK). For any
nonzero prime ideal q ( |3 p) of K, we define
n(q, \)= :

i=0
1
(G0 : Gi)
dimF p VV
Gi,
where Gi are the ramification subgroups of the decomposition group of a
prime of L lying above q, and VGi is the fixed subspace by the action of Gi .
It is a nonnegative integer, and does not depend on the choice of LK. We
define the Artin conductor N(\) of \ (cf. [11, Sect. 1.2]) to be the ideal
of K:
N(\)=‘
q |3 p
qn(q, \).
Fix a nonzero ideal N of K. Let XssK, p, d, N be the set of isomorphism
classes of continuous semisimple representations \: GK  GLd (F p) such
that N(\) | N. Then our problem in general is:
Problem. Is the set XssK, p, d, N finite?
Remarks. (1) Without any restriction on ramification outside p, we
cannot expect the finiteness. For example, the set of isomorphism classes of
\: GQ  GL1(F p) unramified outside l({ p) is infinite, since we have, for
each n1, the representation \n : GQ  ZlnZ/F _p corresponding to the
n-th layer of the cyclotomic Zl -extension of Q.
(2) If we replace F p by a finite field Fp m , the finiteness follows from
the Hermite-Minkowski Theorem saying that there exist only finitely many
algebraic number fields which are of a given degree and unramified outside
a given set of primes (In this case, we only need to fix the radical of N(\)).
(3) The assumption of semisimplicity is necessary (cf. the Remark
after Lemma 3.2).
(4) In the case d=1, the set XK, p, 1, N is finite by class field theory. In
the case of d=2, Serre’s conjecture [11] implies the finiteness of the subset
of XssQ, p, 2, N consisting of odd \’s.
(5) Similar but different problems are considered by FontaineMazur
[2, Conj. 2. a, b, c].
In fact, the above problem is reduced to the case K=Q (cf. [2, Sect. 4, (b)]:
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Proposition 4.1. There exists an ideal n of Q, depending only on KQ,
d and N, with the following property: the set XssK, p, d, N is finite if the set
XssQ, p, nd, n is finite.
Proof. Let \ # XssK, p, d, N . Since GK is a subgroup of GQ of index n, we
have the semisimplication of the induced representation \* :=(IndQK \)
ss :
GQ  GLnd (F p). As we shall see later, its conductor N(\*) is bounded
by an ideal n of Q depending only on KQ, d and N. Then we have a
mapping:
,: XssK, p, d, N  X
ss
Q, p, nd, n , \ [ (Ind
Q
K \)
ss.
To prove the Proposition, it is enough to show that ,&1(_) is finite for any
_ # XssQ, p, nd, n .
Fix _ # XssQ, p, nd, n . If \ # ,
&1(_), then by Mackey’s theorem [7, Chap. 7,
Proposition 22], \ is a direct summand of _|GK . On the other hand, by
KrullSchmidtAzumaya’s theorem [3, Chap. 1, Theorem 14.7], any finite-
dimensional continuous representation of GK decomposes uniquely into the
direct sum of a finite number of indecomposable representations. Hence \
is a finite direct sum of some of them, and there are only finitely many such
direct sums.
To bound the conductor N(\*), we may consider locally. Also, replacing
L by its Galois closure over Q, we may assume that LQ is Galois. Let
EF $F be the completion of LKQ at places lying above q. Let G=
Gal(EF ), H=Gal(EF $), and Gi the i th ramification subgroup of G. For
a representation : G  GLF p (V ), we define
b()= :

i=1
1
(G0 : Gi )
dimF p VV
Gi, n()=dimF p VV
G0+b().
Then b() coincides with the scalar product of  and the Swan representa-
tion SwG of G [7, Chap. 19.3]. It behaves better than n() with respect to
induction because of the formula
SwG|H=("F (dF $F)&[F $ : F]+ fF $F ) rH+ fF $F } SwH ,
where fF $F is the residue degree of F $F, "F is the normalized valuation of
F, and rH is the regular representation of H (cf. [5, Proposition 1; 8,
Chap. VI, Proposition 4]; note that n() may not coincide with the scalar
product of  and the Artin representation of G). Thus if . is a representa-
tion of H, and .* the induced representation of G, then
b(.*)=("F (dF $F)&[F $ : F]+ fF $F ) dim .+ fF $F } b(.)
"F (dF $F) dim.+ fF $F } b(.),
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and hence
n(.*)b(.*)+[F $ : F] d
"F (dF $F) dim .+ fF $F b(.)+[F $ : F] d.
Globalizing this (cf. [8, Chap. VI, Sect. 3]), we see that, if N(\) divides N,
then N(\*) divides n=(dKQ)d NKQ(N) mnd where m is the product of the
prime divisors of (dKQ) NKQ(N). K
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